In this paper we introduce a topology on shape homotopy groups which make them Hausdorff topological groups. We then exhibit an example in whichπ top k succeeds in distinguishing the shape type of X and Y whileπ k fails, for all k ∈ N. Moreover, we present some basic properties of topological shape homotopy groups.
Introduction and Motivation
Endowed with the quotient topology induced by the natural surjective map q : Ω n (X, x) → π n (X, x), where Ω n (X, x) is the nth loop space of (X, x) with the compact-open topology, the familiar homotopy group π n (X, x) becomes a quasitopological group which is called the quasitopological nth homotopy group of the pointed space (X, x), denoted by π qtop n (X, x) (see [2, 3, 4, 11] ). Biss [2] proved that π qtop 1 (X, x) is a topological group. However, Calcut and McCarthy [5] and Fabel [8] showed that there is a gap in the proof of [2, Proposition 3.1] . The misstep in the proof is repeated by Ghane et al. [11] to prove that π qtop n (X, x) is a topological group [11, Theorem 2.1] (see also [5] ).
Calcut and McCarthy [5] showed that π qtop 1 (X, x) is a homogeneous space and more precisely, Brazas [3] mentioned that π qtop n (X, x) is a quasitopological group in the sense of [1] .
Calcut and McCarthy [5] proved that for a path connected and locally path connected space X, π qtop 1 (X) is a discrete topological group if and only if X is semilocally 1-connected (see also [3] ). Pakdaman et al. [17] showed that for a locally (n − 1)-connected space X, π qtop n (X, x) is discrete if and only if X is semilocally n-connected at x (see also [11] ). Fabel [8, 9] and Brazas [3] presented some spaces for which their quasitopological homotopy groups are not topological groups. Moreover, despite of Fabel's result [8] that says the quasitopological fundamental group of the Hawaiian earring is not a topological group, Ghane et al. [12] proved that the topological nth homotopy group of an n-Hawaiian like space is a prodiscrete metrizable topological group, for all n ≥ 2.
For an HPol-expansion p : X → (X λ , p λλ ′ , Λ) of X, Brazas [3] introduced a topology onπ k (X). Here we denote it byπ inv k (X). He mentioned that since π qtop k (X λ ) is discrete, for all k ∈ N, one can define the kth topological shape homotopy group of X as the limitπ (X λ ) which is an inverse limit of discrete groups and so it is a Hausdorff topological group [3, Remark 2.19] . In this paper, we introduce a topology onπ k (X) in another way and denote it byπ top k (X). Then we prove that these two topologies onπ k (X) are equivalent, i.e.π inv k (X, x) ∼ =π top k (X, x) as topological groups for every pointed topological space (X, x). The second view at this topology implies some results which seem are not obtained with the first view.
Cuchillo-Ibafiez et al. [6] introduced a topology on the set of shape morphisms between arbitrary topological spaces X and Y , Sh(X, Y ). On the other hand, Moszynska [15] showed that the kth shape groupπ k (X, x), k ∈ N, is isomorphic to the set Sh((S k , * ), (X, x)) consists of all shape morphisms (S k , * ) −→ (X, x) with a group operation. In this paper using these two results, we show that the kth shape group π k (X, x) = Sh((S k , * ), (X, x)), k ∈ N, with the above topology is a Hausdorff topological group, denoted byπ top k (X, x). We then exhibit an example in whichπ top k succeeds in distinguishing the shape type of X and Y whileπ k fails, for all k ∈ N. In fact, we exhibit two topological spaces X and Y in which whose kth shape homotopy groups are isomorphic while whose topological kth shape homotopy groups are not isomorphic, for all k ∈ N. Moreover, we obtain some topological properties of these groups and we study some properties in shape as movability. We show that movability can be transferred from a pointed topological spaces (X, x) toπ top k (X, x) under some conditions. Also we show that if X ∈ HP ol, thenπ
, for some λ ∈ Λ and for all k ∈ N.
Preliminaries
In this section, we recall some of the main notions concerning the shape category and the pro-HTop (see [14] ). Let X = (X λ , p λλ ′ , Λ) and Y = (Y µ , q µµ ′ , M) be two inverse systems in HTop. A pro-morphism of inverse systems, (f, f µ ) : X → Y, consists of an index function f : M → Λ and of mappings f µ :
The composition of two pro-morphisms (f, f µ ) :
The relation ∼ is an equivalence relation. The category pro-HTop has as objects all inverse systems X in HTop and as morphisms all equivalence classes
An HPol-expansion of a topological space X is a morphism p : X → X of proHTop, where X belong to pro-HPol characterised by the following two properties: (E1) For every P ∈ HP ol and every map h : X → P in HTop, there is a λ ∈ Λ and a map f :
Let p : X → X and p ′ : X → X ′ be two HPol-expansions of the same space X in HTop, and let q : Y → Y and q ′ : Y → Y ′ be two HPol-expansions of the same space Y in HTop. Then there exist two natural isomorphisms i :
Now, the shape category Sh is defined as follows: The objects of Sh are topological spaces. A morphism F : X → Y is the equivalence class < f > of a mapping f : X → Y in pro-HTop.
The composition of F =< f >: X → Y and G =< g >: Y → Z is defined by the representatives, i.e., GF =< gf >: X → Z. The identity shape morphism on a space X, 1 X : X → X, is the equivalence class < 1 X > of the identity morphism 1 X in pro-HTop.
Let p : X → X and q : Y → Y be HPol-expansions of X and Y , respectively. Then for every morphism f : X → Y in HTop, there is a unique morphism f : X → Y in pro-HTop such that the following diagram commutes in pro-HTop.
If we take other HPol-expansions
Hence every morphism f ∈ HT op(X, Y ) yields an equivalence class < [f] >, i.e., a shape morphism F : X → Y which is denoted by S(f ). If we put S(X) = X for every topological space X, then we obtain a functor S : HT op → Sh, called the shape functor.
Similarly, we can define the categories pro-HTop * and Sh * on pointed topological spaces (see [14] ).
The topological shape homotopy groups
In [6] Cuchillo-Ibez et al. introduced a topology on the set of shape morphisms between two arbitrary topological spaces X and Y , Sh(Y, X), as follows:
is an inverse system in pro-HPol and let p : X → X be an HPol-expansion of X. For every λ ∈ Λ and F ∈ Sh(Y, X) take
and λ ∈ Λ} is a basis for a topology T p on Sh(Y, X). Moreover, this topology depends only on X and Y . One can see that if (X,
is an inverse system in pro-HPol * and p : (X, x) → (X, x) is an HPol * -expansion of (X, x). For every λ ∈ Λ and
) and λ ∈ Λ} is a basis for a topology
On the other hand, we can consider the kth shape groupπ k (X, x), k ∈ N, as the set of all shape morphisms F : (S k , * ) → (X, x), Sh((S k , * ), (X, x)) with the following multiplication which makes it a group.
where shape morphisms F and G are represented by morphisms f = [(f λ )] and g = [(g λ )] : (S k , * ) → (X, x) in pro-HPol * , respectively (see [15] ). Now, we intend to show thatπ k (X, x) = Sh((S k , * ), (X, x)), k ∈ N, with the above topology is a topological group which we then denote it byπ top k (X, x). Theorem 3.1. Let (X, x) be a pointed topological space. Thenπ
Proof. First we show that φ :π
be an open neighbourhood of
. Therefore the map φ is continuous.
Second, we show that the map m :π
given by m(F, G) = F + G is continuous, where F + G is the shape morphism represented by
and so m is continuous. (i) For every pointed topological space (X, x), the topological groupπ top k (X, x) is Tychonoff and in particular it is Hausdorff (see [6, Corollary 3] ).
(
(iii) If (X, x) and (Y, y) are two pointed topological spaces and Proof. This follows from Theorem 3.1 and Remark 3.2.
Let p : X → (X λ , p λλ ′ , Λ) be an HPol-expansion of X. Brazas [3] gave a topology T inv onπ k (X) for all k ∈ N. Here we denote it byπ inv k (X). Since π qtop k (X λ ) is discrete for all k ∈ N, this topology is pro-discrete. He defined the kth topological shape homotopy group of X as the limitπ
(X λ ) which is an inverse limit of discrete groups and so it is a Hausdorff topological group [3, Remark 2.19 ]. In the follow, we show that these two topologies onπ k (−) are equivalent, i.e.π inv k (X, x) = π top k (X, x) for every pointed topological space (X, x). It should be mentioned that with the second view at this topology we will obtain some results which seem are not obtained with the topology of inverse limit such as Corollary 3.7, Theorems 3.9 and 3.14. Note that the topology on Sh(X, Y ) in the proof of the above results is effective.
Theorem 3.4. Let (X, x) be a pointed topological space and p : (X, Ghane et al. [12] proved that π qtop n (X, x) ∼ = lim ← π qtop n (X i , x i ) for n-Hawaiian like space X for all n ≥ 2. An n-Hawaiian like space X is the natural inverse limit, lim
is the wedge of X n j 's, where X n j 's are (n − 1)-connected, locally (n − 1)-connected, semilocally n-connected, and compact CW spaces. Therefore using Corollary 3.5, we can conclude that for all n ≥ 2, π top n (X, x) ∼ = π qtop n (X, x) where X is an n-Hawaiian like space. Corollary 3.6. Let p : (X, x) → (X, x) = ((X λ , x λ ), p λλ ′ , Λ) be an HPol * -expansion of a pointed topological space (X, x), then the following statements hold for all k ∈ N:
(i) If the cardinal number of Λ is ℵ 0 and π qtop k (X λ , x λ ) is first countable (second countable) for every λ ∈ Λ, then so isπ
Proof. The results follow from the fact that the product and the subspace topologies preserve the properties of being first countable, second countable and totally disconnected of spaces.
An inverse system X = (X λ , p λλ ′ , Λ) in HPol is said to be 1-movable provided every λ ∈ Λ admits λ ′ ≥ λ such that for any λ ′′ ≥ λ, any polyhedron P with dim P ≤ 1 and any map h : P → X λ ′ , there is a map r : P → X λ ′′ such that p λλ ′′ r ≃ p λλ ′ h. We say that a topological space X is 1-movable provided it admits an HPol-expansion p : X → X such that X is 1-movable (see [14] ). Let X = (X n , p nn+1 ) be an inverse sequence of compact ANR's and maps and let p : X → X be an inverse limit. The points x, x ′ ∈ X are said to be p-joinable if there exist paths ω n in X n , n ∈ N, such that
Two points x, y of a metric compactuum X are called joinable provided they are p-joinable for some inverse limit p : X → X, where X is an inverse sequence of compact ANR's. A metric compactuum space X is said to be joinable if every two points of X be joinable. 
Theorem 3.8. Let X be a metric continuum space with joinable points x, x ′ ∈ X. Thenπ
Proof. Since X is a metric continuum space and x, x ′ ∈ X are joinable points, Sh(X, x) ∼ = Sh(X, x ′ ) by [14, Theorem 2.8.9] . Hence by Remark 3.2 part (iii) the result holds.
Theorem 3.9. Let (X, x) be a pointed topological space. Then for all k ∈ N,
by Theorem 3.4. Therefore we can conclude that the kth homotopy shape group π top k (X, x), k ∈ N, is discrete if all but finitely many X λ are simply connected. Indeed, π
(X λ , x λ ) and a product of infinitely many discrete spaces having more than one point is not discrete unless all but finitely many of these spaces are singleton. Therefore all but finitely many of π qtop k (X λ , x λ ) should be trivial. 
The first shape homotopy groupπ top 1 (HE, p) is not embedded iň π top 1 (X j , p j ), for any j ∈ I. Therefore, by Theorem 3.9, we can conclude thať π top 1 (HE, p) is not discrete.
In the follow, we intend to obtain a relationship between the shape homotopy groups and topological shape homotopy groups of a topological space X.
Remark 3.11. Let F : (X, x) → (Y, y) be a shape morphism represented by f :
is an isomorphism of topological groups. Indeed using [14, Theorem 1.1.3], for the morphism f : X → Y there exist inverse systems X ′ and Y ′ indexed over the same cofinite directed ordered set N and a morphism
. Since X λ 's and Y µ 's are polyhedra, whose topological kth homotopy groups are discrete and therefore π With the above remark it seems that the isomorphismπ k (X, x) ∼ =π k (Y, y) as groups implies the isomorphismπ y) as topological groups. But in the following example we exhibit two topological spaces in which whose kth shape homotopy groups are isomorphic while whose topological kth shape homotopy groups are not isomorphic, for all k ∈ N.
Example 3.12. Let k ∈ N and Let X = (X n , p nn+1 , N), where X n = n j=1 S k j is the product of n copies of k-sphere S k , for all n ∈ N and the bonding morphisms of X are the projection maps. Put X = lim ← X n . Since X n 's are metric continua, the inverse limit X is metric continuum by [7 Note that the kth homotopy groups of spaces X and Y in the above example are isomorphic while whose topological kth homotopy groups are not isomorphic, for all k ∈ N. Therefore these spaces show that the functorπ top k succeeds in distinguishing the homotopy type of X and Y whileπ k fails.
The following result seems interesting.
Put A = {V
It is sufficient to show that A is finite. For this, we define a bijection map φ :
Hence φ is well-defined and injective. Also φ is onto. Indeed, let [g 1 ] ∈ π k (X 1 , x 1 ). Since p 12 is onto, we can define the map g 2 : (S k , * ) → (X 2 , x 2 ) with p 12 g 2 = g 1 . Inductively we can introduce maps g n : (S k , * ) → (X n , x n ) such that p nn+1 g n+1 = g n for all n ∈ N which induce the map g :
and so φ is onto.
is equivalent toπ top k (X, x) for all k ∈ N by Theorem 3.4, the topological shape homotopy groupπ
Recall that N-compact spaces are those which can be embedded in N m as closed subspaces, for some cardinal number m, where N is the set of natural numbers with discrete topology [16] .
According to [6] , a cardinal number m is said to be measurable if a set X of cardinal m admits a countable additive function µ such that µ(X) = 1 and µ(x) = 0 for every x ∈ X. A discrete space is N-compact if and only if its cardinal is nonmeasurable (see [13] ).
As mentioned in [6] , the question whether every cardinal number is nonmeasurable is known as the problem of measurability of cardinal numbers. The assumption that all cardinal numbers are nonmeasurable is consistent with the axioms of set theory; on the other hand it is not known whether the assumption of the existence of measurable cardinals is also consistent with the axioms of set theory. See [7] , [13] for further information and references about measurability of cardinal numbers.
The following result follows from [6, Corollary 4] .
Theorem 3.14. If the space X has nonmeasurable cardinal, thenπ top k (X, x) is Ncompact, for all k ∈ N.
Note that if we assume the nonexistence of measurable cardinals, which is consistent with the usual axioms of set theory, by Theorem 3.14, we conclude thať π top k (X, x) is N-compact for all k ∈ N and for all topological space X.
Recall that an inverse system X = (X λ , p λλ ′ , Λ) of pro-HTop is said to be movable if every λ ∈ Λ admits a λ ′ ≥ λ such that each λ ′′ ≥ λ admits a morphism r : X λ ′ → X λ ′′ of HTop with p λλ ′′ • r ≃ p λλ ′ . We say that a topological space X is movable provided it admits an HPol-expansion p : X → X such that X is a movable inverse system of pro-HPol [14] .
In the following, we show that movability can be transferred from a pointed topological spaces (X, x) toπ top k (X, x) under some condition. First we need the following results.
Lemma 3.15. If (X, x) = ((X λ , x λ ), p λλ ′ , Λ) is a movable (uniformly movable) inverse system, then Sh((S k , * ), (X, x)) = (Sh((S k , * ), (X λ , x λ )), (p λλ ′ ) * , Λ) is also a movable (uniformly movable) inverse system, for all k ∈ N.
Proof. Let λ ∈ Λ. Since (X, x) is a movable inverse system, there is a λ ′ ≥ λ such that for every λ ′′ ≥ λ there is a map r : (X λ ′ , x λ ′ ) → (X λ ′′ , x λ ′′ ) such that p λλ ′′ • r ≃ p λλ ′ rel{x λ ′ }. We consider r * : Sh((S k , * ), (X λ ′ , x λ ′ )) → Sh((S k , * ), (X λ ′′ , x λ ′′ )). Hence (p λλ ′′ ) * • r * ≃ (p λλ ′ ) * and so Sh((S k , * ), (X, x)) is movable.
